Charge-to-spin conversion in inhomogeneous systems is studied theoretically. We consider free electrons subject to impurities with spin-orbit interaction and with spatially modulated distribution, and calculate spin accumulation and spin current induced by an external electric field. It is found that the spin accumulation is induced by the vorticity of electron flow through the side-jump and skew-scattering processes, and the differences of the two processes are discussed. The results can be put in a form of generalized spin diffusion equation with a spin source term given by the divergence of the spin Hall current. This spin source term reduces to the form of spin-vorticity coupling only when the spin Hall angle is independent of impurity concentration. arXiv:1912.12077v1 [cond-mat.mes-hall] 
I. INTRODUCTION
Interconversion between charge and spin currents is one of the fundamental processes in spintronics. Among various methods, the direct and inverse spin Hall effects (SHE) via spin-orbit interaction (SOI) have been utilized most commonly. [1] [2] [3] [4] [5] [6] Recently, there are several experimental reports on the enhancement of charge-tospin conversion in naturally oxidized (nox-) Cu 7-9 . An et al. found an enhanced spin-orbit torque generation efficiency comparable to Pt in nox-Cu in the spin-torque ferromagnetic resonance (ST-FMR) experiment 7 . Okano et al. measured charge-spin interconversion in nox-Cu by unidirectional spin Hall magnetoresistance (USMR) and spin pumping, and demonstrated its non-reciprocal character 9 . A possibly related phenomenon was reported by Enoki et al., who observed enhanced weak antilocalization in nox-Cu 8 . There are also reports on the enhancement of spin-orbit torques in nox-Co by Hibino et al. and Hasegawa et al. 10, 11 Previous studies suggested that the spin-vorticity coupling (SVC) 12, 13 can be the main origin of the enhanced charge-to-spin conversion in nox-Cu. The SVC is the coupling between the electron spin and the vorticity of electron flow that arises in the rotating (i.e., non-inertial) frame of reference locally fixed to the lattice or the electrons. This effect has been demonstrated by several experiments, which include spin hydrodynamic generation in liquid metals 14 and spin-current generation from surface acoustic waves in solids. 15 However, applying the idea of SVC to the aforementioned phenomena in nox-Cu seems to contain a difficulty in the treatment of moving lattice in the non-inertial frame comoving with the electrons.
The purpose of this paper is to study charge-to-spin conversion phenomena that occur in inhomogeneous systems which allow electron flow with vorticity. We model the system by nearly free electrons placed under impurities with SOI and with spatially modulated distribution. We calculate spin accumulation and spin current in response to an applied electric field using Kubo formula and discuss their relation to the vorticity of the electron flow. We found a spin accumulation is induced by the vorticity of the electron flow via the side-jump and skewscattering processes. The obtained results are precisely described by a generalized spin diffusion equation with a spin source term given by the divergence of the spin Hall (SH) current. The spin source term reduces to the vorticity of the electron flow if the SH angle is independent of the impurity concentration, which occurs for skew scattering in the present model. This may be considered as an "effective SVC" viewed in the laboratory (inertial) frame.
II. MODEL
We consider a nearly free electron system in the presence of SOI due to impurities. The Hamiltonian is given by
where ψ † k = (ψ † k↑ , ψ † k↓ ) and ψ k are the electron creation (annihilation) operators. H imp and H so describe the coupling to the impurity potential and impurity SOI, respectively,
where λ so is the strength of SOI, and σ = (σ x , σ y , σ z ) are Pauli matrices. We assume a short-range impurity potential, V imp (r) = u i j δ(r − R j ), where u i is the strength of the potential and R j is the position of jth impurity, and V k−k is the Fourier transform of V imp . As a model of inhomogeneous systems, we consider a situation in which the impurity distribution has a slight spatial modulation. Specifically, we take n i (r) = n i + δn i (Q)e iQ·r for the impurity concentration, where the first term is the "uniform" part and the second term is the "inhomogeneous" part with Q being the wave vector of the modulation. Using the probability density function of impurities,
where Ω is the system volume, we average over the impurity positions as
In this paper, we consider the inhomogeneity of the impurities (δn i (Q)) up to the first order, and the impurity SOI (λ so ) up to the second order. The impurity-averaged retarded/advanced Green function in the absence of inhomogeneity (i.e., averaged with the homogeneous part of p imp (r)) is given by
where γ = πn i u 2 i N (µ)(1 + 2 3 λ 2 so k 4 F ) is the damping rate, with the Fermi-level density of states (per spin) N (µ) = mkF 2π 2 and the Fermi wave number k F .
We apply a spatially-modulated, time-dependent electromagnetic field, A ν (r, t) = A ν (q, ω) e i(q·r−ωt) , where q is the wave vector, ω is the frequency, and the four-vector notation A ν = (−φ, A) has been used. The perturbation Hamiltonian is given by
whereĵ e,ν = (ρ e ,ĵ e ) is the electric charge/current density operator. Throughout this paper, we assume that the spatial variations of n i (r) and A ν are much slower compared to the electron mean free path l, and the temporal variation of A ν is much slower compared to the electron damping rate γ. These are expressed by q, Q l −1 and ω γ. Spin and spin-current operators are given bŷ
where α (= x, y, z) specifies the spin direction, i (= x, y, z) specifies the current direction, and
is the "anomalous" part of spin current ( αij is the Levi-Civita symbol).
III. CALCULATION
We are interested in the spin accumulation and spin current that arise in linear response to A ν (with wave vector q), and at the first order in δn i (with wave vector Q),
The suffix δ indicates that this is first order in δn i . We will also present the terms zeroth-order in δn i , which will be denoted by · · · 0 . As indicated in Eq. (10), the response function arises from two processes. One, denoted by K sj,α µν , comes from the side-jump type processes, and the other, denoted by K ss,α µν , results from the skewscattering type processes. We note that equilibrium spin currents do not arise.
A. Charge channel
Before proceeding, we first look at the charge and charge-current densities. Those in a homogeneous system (terms zeroth order in δn i but first order in A ν (q, ω)) are given by
where σ c = n e e 2 τ /m is the Boltzmann conductivity with the electron number density n e = 2m 3 v 2 F N (µ), the Fermi velocity v F , and the relaxation time τ = (2γ) −1 . The terms first order in δn i are calculated as
where δD(Q) = − δni(Q) ni D is the modification of the diffusion coefficient. We note that these satisfy the continuity equation, ∂ t ρ e δ + ∇ · ĵ e δ = 0.
B. Side-jump process
We now focus on the spin channel, and calculate spin accumulation and spin-current density. The side-jump type contributions are characterized by a τ -independent SH conductivity, or the SH angle, α sj SH = −2mλ so /τ , inversely proportional to τ . The terms first order in δn i are classified into two types, one due to the inhomogeneity of the impurity SOI, and the other due to the inhomogeneity of normal impurities. The former is expressed by the diagrams shown in Fig. 1 (a Side-jump type contribution to the spin current and spin accumulation. In each diagram, the left vertex represents spin current or spin density, and the right vertex represents electric current. The black circles represent spin-flip or spindependent vertices accompanied by Pauli matrices, and the white circles represent spin-independent vertices. The cross with a dashed line represents an impurity with homogeneous distribution, and the triangle with a dashed line represents the inhomogeneous part of the impurity distribution. The contributions of (a) to (c) are due to the inhomogeneous distribution of SOI impurities and those of (d) to (f) are due to the inhomogeneous distribution of normal impurities. The shaded and hatched regions represent impurity ladder vertex corrections, the former (latter) being zeroth (first) order in δni. The latter is shown in Fig. 2 . The diagrams (a) and (d) come from the "anomalous" part of electric current, and those of (b) and (e) come from the "anomalous" part of spin current. The upside-down diagrams are also considered in the calculation.
where G
The contributions from the inhomogeneous normal impurities are given in Fig. 1(d )-(f), and further details are described in Appendix.
With these diagrams, and also by including ladder vertex corrections, the spin accumulation and spin-current density have been obtained as
The hatched rectangle (left-hand side) represents the inhomogeneous part (first order in δni) of the four-point impurity-ladder vertex. Only two typical diagrams are shown on the right-hand side, but diagrams without the shaded rectangle (the homogeneous part of impurity-ladder diagrams, see Fig. 5 ) on either or both sides should also be included.
ni D are the homogeneous and inhomogeneous parts, respectively, of the diffusion coefficient, and τ sf = 9 8 (λ 2 so k 4 F ) −1 τ is the spin relaxation time. These are to be added to those in the absence of inhomogeneity δn i , 16
The spin accumulation σ α sj 20)]. Note that they vanish when the electric field is uniform (q = 0). In the spin current ĵ α s,i sj δ [Eq. (19)], the first term is the spin Hall current arising from the diffusion charge current [the last term in Eq. (14)], and the second and third terms are the diffusion spin current whose dependence on δn i is through the modulation of spin accumulation σ α sj δ [Eq. (18)] and the modulation of diffusion coefficient δD, respectively. On the other hand, we found no spin Hall current originating from the first two terms of the charge current ĵ e,i δ [Eq. (14)]. These results are consistent with the fact that the spin Hall conductivity due to sidejump process is independent of the impurity concentration, α sj SH σ c ∝ n 0 i . Finally, the "inhomogeneous contribution", σ α sj δ and ĵ α 
as that of the "homogeneous contribution". 
C. Skew scattering process
The skew-scattering type contributions are characterized by the diagrams as shown in Fig. 3 . Again, the terms first order in δn i are classified into two types according to whether the inhomogeneity comes from the SOI impurities or the normal impurities. The response functions of the former type (SOI inhomogeneity) are expressed by the diagrams in Fig 3(a) , the first of which leads to
The latter type (normal-scattering inhomogeneity) is described by the diagrams in Fig 3 (b) . Details can be found in Appendix. These diagrams, with ladder vertex corrections included, lead to the following expression of the spin accumulation and spin-current density,
where α ss SH = 2π 3 k 2 F λ so N (µ)u i is the SH angle due to skew scattering. These results are to be added to the homogeneous contributions, 16 19)]. These results are consistent with the fact that the SH angle due to skew scattering is independent of the impurity concentration, thus α ss SH σ c ∝ n −1 i . Finally, the modulated parts satisfy the same (continuity) equation as Eq. (22),
Therefore, the total spin accummlation, σ α δ = σ α sj 0 + σ α ss 0 + σ α sj δ + σ α ss δ and the total spin current (defined similarly) also satisfy the same equation.
D. Extrinsic Rashba process
Because of the modulated distribution of SOI impurities, the SOI Hamiltonian survives the impurity average,
This may be called "extrinsic Rashba SOI" since it arises from the inversion symmetry breaking by the impurity distribution. However, the contribution to the spin accumulation and spin current, shown in Fig. 4 , turned out to vanish. This is in agreement with the well-known fact that the Edelstein effect 17 vanishes in such perturbative calculation. To obtain the spin accumulation due to the Edelstein effect via the extrinsic Rashba SOI, we need to treat it nonperturbatively. If we neglect the momentum change (ψ † k+Q σψ k → ψ † k σψ k ), the spin accumulation is obtained as
in three dimensions. This spin accumulation will also contribute to the charge-to-spin conversion. More faithful analysis to the model [Eq. (29)] will be presented elsewhere.
IV. DISCUSSION
In the present model, there are two origins of spatial modulation of the currents, impurity distribution (with wave vector Q) and the applied electric field (with wave vector q).
Let us first consider the case that a uniform electric field (q = 0) is applied to the inhomogeneous system (Q = 0). The spin accumulation and spin current are given by
where ρ e (Q) δ and j e (Q) δ are given, respectively, by Eqs. (13) and (14) with q = 0. They satisfy the spin diffusion equation,
where Ω e = 1 −e ∇ × j e is the vorticity of the electron flow. The right-hand side shows that the vorticity acts as a spin source via SHE. This may be considered as the "effective SVC" in laboratory (inertial) frame, and this is caused by the spin-orbit coupling, or more specifically, by the skew-scattering process. The side-jump contribution is absent because it is independent of impurity concentration, namely, ĵ α s,i sj is spatially uniform (if E is uniform) even if n i (r) is inhomogeneous.
When a spatially modulated electric field (q = 0) is applied to a uniform system (Q = 0), the spin diffusion equation is given by 16
with α SH = α sj SH + α ss SH . The right-hand side is the spin source term, which can also be written as α SH Ω α e in terms of the vorticity Ω e = 1 −e ∇ × j e of the electric current j e = σ c E generated now by the nonuniform electric field. Therefore, we can see a strong connection between the vorticity of the electron flow and the spin accumulation independently of their origin.
For general cases with q = 0 and Q = 0, the sum of the inhomogeneous contribution, Eqs. 
where Π(q) = (Dq 2 − iω + τ −1 sf ) −1 is the spin diffusion propagator. The first terms in Eqs. (35) and (36) are zeroth order in δn i , and the remaining terms are first order. Noting that the wave vectors correspond to spatial gradients ∇ in real space (q acting on the electric field, and Q acting on the impurity concentration), the spin accumulation (35) and spin current (36) are expressed in real space as
whereΠ(∇) = (−D∇ 2 + ∂ t + τ −1 sf ) −1 is the spin diffusion propagator expressed in real space and D(r) = D+δD(r) is the diffusion coefficient that includes the effects of inhomogeneity, δD(r) = δD(Q) e iQ·r .
In the following, we drop the brackets · · · and simply write as σ(r) = σ(r) , etc. Quantities with explicit dependence on r include the spatially-modulated parts up to the first order in δn i (r). The spin accumulation (37) and spin current (38) satisfy the generalized spin diffusion equation,
where j α SH (r) is the spin Hall current,
and j e (r) is the charge current,
which of course satisfies the continuity equation, ∂ t ρ e (r) + ∇ · j e (r) = 0. The right-hand side of Eq. (39) is the spin source term coming from the divergence of the spin Hall current. This can be written in the form of "effective SVC" only if the SH angle is constant without spatial modulation, ∇ · j α SH (r) = α SH [∇ × j e (r)] α /(−e). Finally, if we define the total spin current by the sum of the drift and diffusion spin currents,
Eq. (39) reduces to the spin continuity equation,
The obtained equations may be used widely for phenomenological analyses of inhomogeneous systems; Eq. (39) for the determination of spin accumulation (spin chemical potential), and Eq. (42) for boundary conditions imposed on the spin current.
V. CONCLUSION
We studied extrinsic spin Hall effect in systems with inhomogeneously distributed impurities. We found that the spin accumulation is induced by the inhomogeneity via the side-jump and skew-scattering processes. The results satisfy a generalized spin diffusion equation with a spin source term, which is expressed as the divergence of spin Hall current and reduces to the "effective SVC in the laboratory (inertial) frame" if the SH angle is homogeneous. It remains a challenge for future research to study the Edelstein effect due to the "extrinsic Rashba SOI" with non-perturbative treatment. It would be interesting to apply the obtained spin diffusion equation to the experiments of spin-current injection from surface oxidized copper [7] [8] [9] . These are left as future studies.
(A3)
The four-point vertex first order in δn i is shown in Fig. 6 as δΓ ab,cd (Q) = δΓ c (Q)δ ab δ cd + δΓ s (Q)σ ab · σ cd , (A4)
where δΓ c(s) is given by
where I 0 and Y 0 are given in Appendix C. Thus,
Next, the three-point vertices, Λ c and Λ s , shown in 
The three-point vertices, Π (L) and Π (R) , shown in Fig. 8 are calculated as
(A13)
Appendix B: Response functions
The response functions of side-jump process contributed by the inhomogeneous scattering due to impurities (see Fig. 9 ) are derived as 
With the ladder vertex corrections included, the response functions are expressed as K sj(a-c),α 0j 
The response functions are given as
Equations (B9) and (B10) are due to the inhomogeneity of SOI impurities, and Eqs. (B11) and (B12) are due to the inhomogeneity of normal impurities. The response function L ss,α µν due to skew scattering from the inhomogeneous impurities, shown in Fig. 10 , is expressed as
With the ladder vertex corrections included, the response functions are given as 
The spin accumulation and spin current coming from each contributions are derived as 
With the ladder vertex correction included, their sum turns out to vanish.
We define the response functions of charge and current densities as j e,µ (q + Q) δ = K cc µj A j (q, ω). The response functions of charge and current densities without ladder vertex corrections (see Fig. 14) are derived as L cc µν = e 2 iω π δn i (Q) n i n i u 2 i I µ (q + Q)I ν (q) − Y µν (Q) .
With the ladder vertex corrections included, the response functions (see Fig. 11 ) are derived as K cc 0j = 1 + Λ 0 0 (q + Q) L cc 0j + e 2 iω π I 0 (q + Q)Π 
